We analytically compute, to linear order in the mass-ratio, the "geodetic" spin precession frequency of a small spinning body orbiting a large (non-spinning) body to the eight-and-a-half postNewtonian order, thereby extending previous analytical knowledge which was limited to the third post-Newtonian level. These results are obtained applying analytical gravitational self-force theory to the first-derivative level generalization of Detweiler's gauge-invariant redshift variable. We compare our analytic results with strong-field numerical data recently obtained by S. R. Dolan et al. [Phys. Rev. D 89, 064011 (2014)]. Our new, high-post-Newtonian-order results capture the strong-field features exhibited by the numerical data. We argue that the spin-precession will diverge as ≈ −0.14/(1 − 3y) as the light-ring is approached. We transcribe our kinematical spin-precession results into a corresponding improved analytic knowledge of one of the two (gauge-invariant) effective gyro-gravitomagnetic ratios characterizing spin-orbit couplings within the effective-one-body formalism. We provide simple, accurate analytic fits both for spin-precession and the effective gyro-gravitomagnetic ratio. The latter fit predicts that the linear-in-mass-ratio correction to the gyro-gravitomagnetic ratio changes sign before reaching the light-ring. This strong-field prediction might be important for improving the analytic modeling of coalescing spinning binaries.
I. INTRODUCTION
The general relativistic two-body problem has become of renewed importance in view of the current development of gravitational-wave detectors. It is plausible that the first detections will concern binary systems made of spinning black holes, because the spin-orbit interaction can increase the binding energy of the last stable (circular) orbit, and thereby lead to a larger gravitational wave output. This gives a strong incentive for improving our analytic knowledge of the gravitational spinorbit interaction in binary systems. Several analyticalrelativity methods are currently being actively pursued: post-Newtonian (PN) theory [1, 2] , gravitational selfforce (GSF) theory in black hole backgrounds [3, 4] , and the effective-one-body (EOB) formalism [5] [6] [7] [8] . Recent years have witnessed a useful synergy between these methods, with information flowing between them (and flowing also from the results of full numerical relativity simulations) [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] .
The present work will show another instance of such a synergy between analytical methods: we consider a binary system where a body having a small mass m 1 and a small spin S 1 moves on a circular orbit of radius r 0 and orbital frequency Ω around a non-spinning body having a large mass m 2 . We shall start by using analytic GSF theory [25] [26] [27] [28] [29] [30] [31] to compute to linear order in the mass ratio m 1 /m 2 , the spin-orbit coupling Ω Ω Ω SO 1 · S 1 of particle 1, which is equivalent to knowing the spin precession Ω Ω Ω SO 1 of S 1 [32] .
The GSF result for Ω Ω Ω SO 1 (considered as a function of Ω) will be expanded to high order in a PN expansion, by using the same technology that we recently used [22, 33, 34] to derive the PN expansion of Detweiler's redshift function [9] . The latter PN-expanded result will then be transcribed within the EOB formalism in terms of higher order contributions to one of the two (gauge-invariant) effective gyro-gravitomagnetic ratios (g eff S * ) characterizing spin-orbit couplings within the EOB formalism. In addition, we shall compare our results to a recent work by Dolan et al. [24] which has provided both an analytical GSF derivation of Ω Ω Ω SO 1 and numerical data on the strongfield behavior of the first-order GSF contribution to Ω Ω Ω SO 1 . We shall find that our new high PN-order results on Ω Ω Ω SO 1 are able to capture strong-field features that are beyond the reach of the currently available low PN-order ones. Detweiler [9] has emphasized the usefulness of computing gauge-invariant quantities from GSF theory. He pointed out that (quasi-)circular orbits provide a calculable gauge-invariant function |k|(Ω) via the existence of a helical Killing vector
The function |k|(Ω) relates the norm |k| of k µ [computed with the regularized perturbed metric g R µν (x λ ) [35, 36] , and evaluated along the world line L 1 of particle 1], 2) to the orbital frequency Ω of the considered circular motion. The bracket notation [. . .] 1 in Eq. (1.2) refers to an evaluation along the world line L 1 of particle 1. Along the same vein, the existence of a Killing vector field k µ (x λ ) implies the existence of further gaugeinvariant functions. Indeed, at the one-derivative level, the (helical) world line of particle 1 is endowed with the following geometrical configuration:
This geometrical configuration is defined by evaluating
where ∇ R µ denotes the covariant derivative associated with the regularized metric g R µν (x λ ). As k µ is a Killing vector of g R µν , we have Therefore, at the one-derivative level, there is only one new gauge-invariant function associated with {k µ , ∇ µ k ν }, namely the function |∇k|(Ω) relating the norm |∇k| of ∇ µ k ν to Ω. At the two-derivative level, we have, along the world line L 1 , a geometric configuration defined by [ [36] , such a configuration is equivalent to the configuration {[k µ ] 1 , B µ , E µν , B µν }, where (E µν , B µν ) denote the electric-like and magnetic-like projections of the Riemann (or, equivalently, Weyl) tensor of g R µν with respect to the time direction u µ = k µ /|k|; e.g.,
By contrast to the one-derivative level where one could only extract one geometric scalar (beyond the zeroderivative scalar |k|), it is clear that the two-derivative level gives access, in general, to several new scalars (notably the four independent eigenvalues of the traceless symmetric tensors E µν and B µν , as well as the other scalars one can build by combining B µ with E µν and B µν ). One of the simplest of those scalars is E 2 ≡ E µν E µν . Correspondingly, one can extract several gauge-invariant functions of Ω, such as E 2 (Ω). See below for more details. The Detweiler-like gauge-invariant functions |k|(Ω), |∇k|(Ω), E 2 (Ω), . . ., discussed above have, a priori, only a kinematical significance. However, they turn out to have also a dynamical significance. In the case of the original redshift function u t 1 (Ω) = dt/ds 1 = 1/|k|(Ω), its dynamical meaning was discovered in Refs. [14, 16, 18] .
In particular the first-order self-force (1SF) contribution to |k| 2 (Ω), i.e., essentially, the double contraction
where h R µν denotes the regularized version of the massratio-rescaled 1SF perturbation h µν of the background metric (here taken to be a Schwarzschild metric of mass m 2 ),
(1.10) was found to be very simply related to the 1SF contribution a 1SF (u) to the main EOB potential A(u; ν) [5] [6] [7] describing the interaction energy of the two masses
2 is the symmetric mass ratio) namely [18, 19] 
At the one-derivative level, the quantity |∇k| has the kinematical meaning of the relative precession frequency between parallely propagated and Lie-dragged spatial frames along the world line L 1 [24, 37] . As noted in [37] , if the Killing vector k µ were simply k µ 0 ∂ µ = ∂ t , |∇k 0 | would measure the gyroscopic precession of the (parallely propagated) spin vector S µ 1 with respect to fixed stars at infinity. In our case, k µ 0 ∂ µ = ∂ t , is not a Killing vector, i.e., it does not generate a continuous one-parameter isometry group; however, it generates a discrete isometry group (made of g n = exp(nP ∂ t ), where n is an integer and P ≡ 2π/Ω the orbital period). This fact implies that, after each orbital period, the difference ||∇k| − Ω| (where Ω subtracts the effect of the Ω-rotation contained in the Ω∂ φ piece in k µ ) measures, in a stroboscopic way, the precession of S µ 1 with respect to fixed stars at infinity (i.e., with respect to ∂ t at infinity). More precisely, as one finds that the Lie-dragged frame lags behind the parallely propagated frame (i.e., that |∇k| is smaller than Ω), the stroboscopic spin precession is measured (in a frame comoving with particle 1) by the angular frequency
(1.13)
The dynamical meaning of this gauge-invariant kinematical quantity is furnished by the results of Ref. [7] , which related the spin angular frequency (as seen in a 3 + 1 Hamiltonian description) to the spin-orbit coupling terms Ω Ω Ω
and Ω Ω Ω SO 2 proportional to L = x × p) in the Hamiltonian. As we shall discuss in detail below, in the special case of circular orbits we have the simple numerical link 14) in spite of the fact that Ω SO 1 and Ω prec a priori measure spin precessions in different frames (Ω prec referring to a comoving frame linked to u µ , while Ω SO 1 refers to a laboratory frame linked to ∂ t ). The simple link (1.14) along circular orbits has also been recently pointed out in Ref. [24] . At the two-derivative level, some of the gauge-invariant kinematical functions that one can compute have also an interesting dynamical significance. For instance, the quantity µ 1 E 2 ds 1 = µ 1 E µν E µν ds 1 describes the leading-order tidal correction to the effective action of the binary system associated with the quadrupolar tidal deformation of body 1 [38] . [Here, µ 1 is the quadrupolar tidal polarization parameter of body 1]. Recently, the regularized invariant E 2 has been computed in PN theory at the second post-Newtonian level [39] . We see that, in principle, GSF theory could compute it to all PN orders, but to first order in m 1 /m 2 .
Leaving to future work such a GSF study of higherderivative level gauge-invariant quantities, we focus in the present paper on the spin-orbit function Ω SO 1 (Ω) and on its EOB reformulation in terms of the gauge-invariant gyro-gravitomagnetic ratio g eff S * .
II. SPIN-ORBIT COUPLING AND ITS LINK WITH SPIN PRECESSION
In this section we start by considering a general binary system, with arbitrary masses m 1 and m 2 and spins S 1 and S 2 . Before studying the GSF limit where m 1 ≪ m 2 , let us recall that, within PN theory, the motion of each member of such a binary system is described, to high PN accuracy, by the usual (Mathisson-Papapetrou) equations of motion valid for a test particle in an external metric g ext µν , except for the fact that the values of g ext µν and its derivatives appearing in these equations have to be replaced by the regularized values of the full two-body metric g µν (x λ ; m 1 , m 2 , S 1 , S 2 ) (see, e.g., [40] ). The most efficient, and consistent, regularization method for this purpose has been found to be dimensional regularization. An analog of this fact has been proven to hold within GSF theory [35, 36] , with the bonus that, at the first GSF order, the regularized values of 
where
, and where we used the spin supplementary condition S
Note that, when working to linear order in S 1 , we must a priori keep the curvature-spin force appearing on the right hand side of Eq. (2.1). In other words, L 1 is not a geodesic of g R µν (x λ ). However, as emphasized in [7] , if our aim is to derive the spin-orbit coupling term Ω Ω Ω Besides the simplifications brought by neglecting the contribution of order O(S 2 1 ), we can further simplify the derivation of the spin-orbit coupling, and of its link with |∇k|, by noting that (when using polar-type coordinates t, r, θ, φ) the motion will stay within the equatorial plane θ = π/2 if it starts within it (here we assume that the vector S 2 is orthogonal to the orbital plane). In mathematical terms, this means that the (2+1)-dimensional hypersurface θ = π/2 is totally geodesic, so that, for analyzing the consequences of the geodesic equation D R u µ /ds 1 = 0, and of the parallel transport equation (2.2), it is enough to work with the (2+1)-dimensional metric restricted to θ = π/2. Using the coordinates
adapted to the helical symmetry
the general structure of the equatorially-reduced (2+1)-dimensional metric reads (suppressing, for brevity, the superscript R)
where, say, x 0 =t, x 1 = r, x 2 =φ. In this coordinate system, the metric is stationary,
and the world line L 1 is "vertical":
The geodesic condition for L 1 then implies that the Christoffel symbol Γītt = 0, that is
This is equivalent to the condition 0 = k which can be rewritten as
because we have (using ∂tgīj = 0)
Here, we used the fact that the covariant components kμ of k = ∂t are simply kμ = gμt, so that the covariant components of Kμν, Eq. (1.4), are Kīt = spatial frame eīâ∂ī such that gīj = δâbeīâeĵ b (a convenient particular choice for defining eīâ will be discussed below), the frame components Sâ = Sīeīâ of the spin vector will evolve as
In terms of those frame components the conservation of gījSīSj = s 2 leads to the conservation of the Euclidean norm SâSâ = s 2 . Actually, as the indicesâ,b take only two values, Kâb has only one independent component K12 = −K21, and Eq. (2.11) describes a rotation of the Euclidean two-vector (S1, S2) with angular frequency −K12. In other words, the precession of Sâ is associated 1 In geometrical terms, thet-independence of the spatial frame, ∂teī a = 0, means that its Lie-derivative along k = ∂t vanishes, i.e., that it is Lie-dragged along k.
with the unique independent component of the tensor Kâb and can therefore be conveniently computed (in any frame or coordinate system) from
Eqs. (2.11) and (2.12) are equivalent to results of [24] . This precession is also conveniently encoded in the dual of the three-form k ♭ ∧ dk ♭ (where k ♭ = k µ dx µ is the oneform associated with k µ ), namely
where we used kt = gtt, |k| = √ −gtt, and, for the (2 + 1)-dimensional Levi-Civita contravariant tensor,
. [We shall check below that the right hand side of Eq. (2.13) is positive]. The latter formula is technically useful because it allows one to express |∇k| entirely in terms of the covariant components of the (regularized) (2 + 1)-dimensional metric g µν in the original non-comoving coordinates t, r, φ. Indeed, it suffices to replace t =t, φ =φ + Ωt in ds 2 = g µν dx µ dx ν to get the components gμν dxμdxν associated with the comoving coordinatest, r andφ. For instance,
Moreover, as the Jacobian of the transformation (t, r, φ) → (t, r,φ) is equal to one, the determinant appearing in the denominator of Eq. (2.13) can be simply computed as det (g (2+1) µν ), with the original components g (2+1) µν of the equatorial metric in non-comoving t, r, φ coordinates.
The result (2.11), with K12 = |∇k|, concerns the geometrical precession, with respect to a spatial frame orthogonal to L 1 and Lie-dragged along it, of a local spin vector orthogonal to L 1 . One can relate this kinematical fact to dynamical properties of spin-orbit coupling in a binary system by using results of Ref. [32] . Some delicate aspects of the connection between the local spin-precession (2.11) and the spin-orbit piece,
, in the Hamiltonian of a binary system have to be noted (besides [32] , see also Refs. [41, 42] 
the specific moving co-frame
. This specifies a unique, corresponding dual vectorial frame e 0 , e a , where in terms of the covariant components of the (θ = π/2)-reduced metric ds 2 , expressed in polar coordinates t, r, φ.
III. SPIN PRECESSION IN PERTURBED SCHWARZSCHILD SPACETIMES
The results (2.13), (2.16) of the previous section for the spin-orbit coupling of S 1 are formally valid for general, aligned-spin binaries, with arbitrary mass ratio m 1 /m 2 , and arbitrary S 2 , but to only linear order in S 1 . Let us now consider the case where m 1 ≪ m 2 and S 2 = 0. In that case one is dealing with linear perturbations h µν (x λ ) of a Schwarzschild background of mass m 2 by a small mass m 1 moving on a circular orbit of radius r 0 ; see Eq. (1.10). Because of the Killing symmetry k = ∂ t + Ω∂ φ , the metric perturbation depend only onφ = φ − Ωt, r and θ, h µν (φ, r, θ).
The four-velocity of m 1 (normalized with respect to the regularized metric g
, where q ≡ m 1 /m 2 ≪ 1) can be written as
where (to linear order in q)
Eq. (3.4) [9] allows one to trade the gauge-dependent radius r 0 for the gauge-invariant dimensionless frequency parameter
Namely, we have
By inserting Eq. (1.10) into Eq. (2.13), and using Eq. (3.7) to trade r 0 for y, we get the following explicit expression of |∇k|:
Here it is understood that all quantities are regularized and evaluated for θ = π/2. The zeroth order term, equivalent (in view of m 2 Ω = y 3/2 ) to
is the well-known result for gyroscopic precession (with respect to a rotating, polar-coordinate frame) in a Schwarzschild background [43] . The quantity δ(y) measures the fractional 1SF correction to |∇k|. Note that the radial derivative ∂ r h kk of h kk does not appear in δ(y). Indeed, the contribution coming from the replacement (3.7) has cancelled a similar term that was present in the 1SF expansion of the exact formula (2.13). We have checked that the expression (3.9) is equivalent to the results given in Ref. [24] . We have also explicitly checked that δ(y) is gauge-invariant. More precisely, inserting in (3.9) the effects of an infinitesimal gauge variation [9] , i.e. ∆h µν = −£ ξ g µν = −∇ µ ξ ν − ∇ ν ξ µ , leads to: ∆h tθ = ∆h rθ = ∆h θφ = 0 and
where f (r) = 1 − 2m 2 /r. We found ∆δ = 0, under the assumption that ξ µ = ξ µ (φ, r, θ). Evidently, this first order gauge-invariance was expected as the exact function |∇k|(Ω) is defined in a gauge-invariant way.
Note that the quantity of most physical interest is the spin-orbit coupling (2.16), which reads, to first order in q
Here the unperturbed value of the function Ω SO 1 (y) is given by 13) so that the 1SF correction to Ω
is related to the notation δ(y) used above via
(3.14)
IV. ANALYTIC COMPUTATION OF δ(y) IN THE REGGE-WHEELER-ZERILLI FORMALISM
As our aim is to compute the gauge-invariant quantity δ(y), Eq. (3.9), we should be able to compute it in any (asymptotically flat) gauge.
Similarly to our recent works [22, 33, 34] where we analytically computed the zero-derivative-level, gaugeinvariant quantity h kk (y), we shall use the ReggeWheeler-Zerilli (RWZ) formalism and work in ReggeWheeler gauge. We refer to Refs. [22, 34] for technical details, and elaborate here only the new issues that we had to face.
As the RWZ perturbation h µν is decomposed, for each multiple order (l, m), in even-parity and odd-parity pieces, we can correspondingly decompose the multipolar piece δ (l,m) (y) of δ(y), Eq. (3.9), (which is linear in h µν and its first derivatives) as
In terms of the usual RWZ notation, and suppressing the l, m indices, we find the following expressions for the "bare" (i.e., unregularized) values of δ (even/odd) (y)
As in our previous work, we used results of the RWZ literature [31, [44] [45] [46] to express the metric perturbation h (l,m) µν , with frequency ω = mΩ, in terms of radial functions R (even/odd) lmω (r) satisfying the simple Regge-Wheeler equation
4) with dr * = dr/f (r) and f (r) = 1 − 2m2 r . Here, the oddparity source is a combination of δ(r − r 0 ) and δ ′ (r − r 0 ), while the even-parity one is a combination of δ(r − r 0 ), δ ′ (r − r 0 ) and δ ′′ (r − r 0 ). The inhomogeneous radial equations are solved, as usual, by means of a suitable radial Green function G(r, r ′ ):
Note that the distributional nature of the radial source functions (notably S (even) lmω (r) ∋ δ ′′ (r − r 0 )) implies the presence of a correspondingly discontinuous (or even distributional) terms in the solution R (even/odd) lmω (r) as r crosses the radial location r 0 of the source (i.e., the orbiting small mass m 1 ).
In the case of the less singular h (keeping θ and φ to the values corresponding to the considered instantaneous position of particle 1, say t = t 1 , θ = π/2 and φ = Ωt 1 ) did coincide. As we are now considering a more singular quantity, involving first derivatives of h µν (x λ ), we cannot expect to have such a simple behaviour. However, similarly to the evaluations of the (gauge-dependent) gravitational self-force [3, 28, 29] ∝ Γ λ µν u µ u ν ∼ ∂ λ h µν , we expect that taking the average over the two radial limits (r + 0 and r − 0 ) will eliminate the worst singularity (due to ∂ µ ρ −1 where ρ denotes the distance between the field point and the world line) and will leave only a milder singularity, corresponding to a milder growth with the multipolar order l. This is indeed what we found: while the "jump" δ
δ lm (r)) grows (after summing over the "magnetic" number m) proportionally to 2l + 1, the averaged δ (where we sum over the even and odd contributions, as well as over m)
was found to have a limit, say δ ∞ , as l → ∞. In keeping with standard GSF results on mode regularization [28, 29] , we can then compute the regularized value of δ as
Let us now give some details of our analytical evaluation of δ l (y) , δ ∞ and δ R (y). Our starting point is the expression of the radial Green's function entering the solutions:
where X (in/up) (r) are solutions of the homogeneous RW equation, H(x) is the Heaviside step function and where W denotes the (constant) Wronskian
The physically relevant Green's function here is the retarded one, corresponding to an X (in) incoming from r = +∞ (and purely ingoing on the horizon), and to an X (up) upgoing from the horizon (and purely outgoing at infinity). With this specification the solutions, Eq. 
The third step of the method consists of breaking up the analytical evaluation of δ l into three parts: (i) the non-radiative multipoles, 0 ≤ l ≤ 1; (ii) several of the low radiative multipoles, 2 ≤ l ≤ l max ; and (iii) the generic, higher radiative multipoles, l ≥ l max + 1. For the part (i), 0 ≤ l ≤ 1, we use the analytic results of Zerilli [47] (see also [48] ), except for the fact that they must be formulated in an asymptotically flat gauge. Explicitly, we have the following low-multipole metric perturbations. For l = 0
with
For l = 1 (odd)
(4.17) For l = 1 (even)
The corresponding contributions to δ l (without the subtraction δ ∞ that we shall discuss below) are obtained by inserting the above results in the general Eq. (3.9). In these particular cases, the right hand side of (3.9) simplifies to
After inserting the corresponding expressions of the metric perturbations and taking the average between the outer and the inner radial limits r → r ± 0 , the corresponding results for δ l read
Note that the even l = 1 multipole gives no contribution, and that the sum of all the (unregularized) low multipole contributions reads
For the intermediate radiative multipoles 2 ≤ l ≤ l max we used the results of Mano, Suzuki and Tagasugi (MST) [25] [26] [27] . MST gave analytic expressions for X (in) and X (up) in the form of series of hypergeometric functions. We refer to our previous papers [22, 33, 34] for details on the explicit implementation of the MST expansions.
As discussed there, one must choose the value of l max according to the PN accuracy that one is aiming at. In
) included. To reach this accuracy, we used the MST expansions up to the multipole order l max = 5 (see below). For generic, higher multipoles l ≥ l max + 1 we used the PN-expanded solutions for X (in) and X (up) , following the method of our previous works [22, 33, 34] .
Before 
Summing over m (using the same summation formulas we used in previous works [46] ) thus yields
As announced above, these jumps are proportional to (2l + 1) which is compatible with the GSF-like behavior ±A(l + 1/2) + B + O(1/l 2 ) [28, 29] expected for the large l multipolar decomposition of a quantity containing first derivatives of h µν .
As already mentioned, it is then convenient to eliminate the leading order term ±A(l + 1/2) by working with the radial average
No closed-form analytic expression can be given for δ l ≡ m δ lm . We can, however, either compute its PN expansion in powers of y for any integer value of l by using MST-like expansions or, for a generic, unspecified value of l (which can even be considered as taking any real or complex value) we can compute its PN expanded expression by using the PN-expanded solutions of X (in) and X (up) [22, 33, 34] . Let us quote, for illustration, the 3PN (i.e., O(y 3 ) accurate) truncation of our high-PN-order results. We found (after summing over m)
2 This counting amounts to considering that the leading order PN contribution to Ω SO 1 /Ω = 1 − √ 1 − 3y(1 + q δ(y)) ≃ y − qδ(y) is of 1PN order, which is the usual PN counting for spin-orbit effects.
Note the simple "symmetry" between δ The total result δ l = δ
At this stage, let us point out one convenient technical feature of our approach. As exemplified on Eqs. (4.25) and (4.26), our PN-expanded, generic-l approach yields explicit analytic expressions for the l-dependence of δ l (y) . In particular, we see on Eq. (4.26) that δ l (y) admits a finite limit as l → ∞, which can be easily read off from Eq. We can therefore regularize δ ∞ (y) , according to Eq. (4.7), without having to derive, in advance, the analytic expression of the "B term" in the large-l expansion
of δ l , i.e., the constant term in the large-l expansion of the radial average
From our high-PN-order results, we have so determined the PN expansion of B(y) = δ ∞ (y) to the 8.5PN accuracy, namely 
The coefficient of y 3 in this expression is easily seen to be of order O 1 l 2 as l → ∞. As mentioned above, this term (as well as the high order ones) is also invariant under the symmetry l → −l − 1, so that it could be expressed as a rational function ofl 2 = (l + 1/2) 2 . Finally, the PN-expanded regularized value δ R (y) of δ is obtained from its definition (4.7) as
Here, the first sum is the contribution of the low multipoles that we derived above from the old results of Zerilli, the second sum comes from using the MST hypergeometric-expansion form of X (in) and X (up) , while the third sum comes from the PN-expanded form of X (in) and X (up) . As explained above, in all three sums, the subtraction B PN (y) = δ ∞ (y) is obtained as a PN-expansion, see Eq. (4.30), from our generic-l, PNexpanded δ l (y) . From the general-l result (4.31) we see that all the terms associated with dynamical multipoles l ≥ 2 will start contributing to δ R (y) at order O(y 3 ). The contributions of order y and y 2 can only come from non-dynamical multipoles l = 0, 1. The "bare" low multipole contribution (4.21) is equal to δ 0≤l≤1 = −y − and where O ln (y 9 ) denotes an error term O(y 9 (ln y) n ) for some unspecified (integer) power n. The logarithmic terms in δ R (y) are linked to the back-scattered effect of tails in the near-zone [11, 12, 49] . Inserting in the general-l structure of radiation-reaction [50] the (tailrelated) hereditary modification of the near-zone reactive multipole moments (which contain an extra factor GM/c 3 ), one finds that the l-th mass-type (i.e., even) and spin-type (i.e., odd) multipoles both contribute to
[By contrast, the tail-related logarithmic contributions to h kk (y) were of order O(y l+3 ln y) when coming from an even l-th reactive multipole and of order O(y l+4 ln y) when coming from an odd l-th reactive multipole; see discussion in Sec. IID of [34] .] At orders y 5 , y 6 and y 7 , the logarithm of y and the Euler constant γ always enter the results through the combination ln y + 2γ. Similarly, expressing the coefficient of y 8 in terms of ln y + 2γ makes the terms of the form q 1 γ + q 2 γ 2 (with rational coefficients q 1 and q 2 ) disappear. As in our previous works [33, 34] the structure of the logarithmic terms depend on the corresponding relevant frequency ω m = mΩ with |m| ≤ l; e.g., the l = 2 tail terms contribute ln 2 in c 5 ; the l ≤ 3 tail terms contribute ln 3 and ln 2 in c 6 ; the l ≤ 4 tail terms yield ln 4 = 2 ln 2, ln 3 and ln 2 in c 7 ; etc. Note also the increase in transcendentality of the coefficients c n as n increases, with the remarkable first appearance of ζ(3) in c 8 .
V. COMPARISON TO THE NUMERICAL GSF RESULTS OF DOLAN ET AL.
As already mentioned in the Introduction, Dolan et al. [24] have recently numerically evaluated the first-order GSF contribution to the dimensionless ratio between the spin-precession frequency Ω prec and the orbital frequency Ω:
To linear order in q = m 1 /m 2 (keeping y = (m 2 Ω)
so that the 1SF piece δψ(y) in ψ(y) (such that ψ(y) = ψ (0) (y) + q δψ(y) + O(q 2 )) is related to our δ R (y) via The first two terms on the right hand side of Eq. (5.4), namely the 3PN-accurate expressions y 2 −3y 3 were previously obtained in Ref. [24] from published PN-expanded spin-orbit results [32, [51] [52] [53] . [As we shall discuss below, these first two terms can also be easily derived from the EOB formulation of the previously known PN-expanded spin-orbit interaction [54, 55] .] All the further terms in the PN expansion (5.4) are analytically derived here for the first time. Among them, let us note that our analytic results for the coefficient of y 4 , namely −15/2, agrees with the suggestion made in Ref. [24] (from a comparison to their numerical data) that "the next (yet unknown) term at 4PN order is close to −15/2."
In Fig. 1 , we compare the successive terms in our analytic PN expansion (5.4) of δψ(y) to the numerical results of [24] . It is interesting to note that, while the 3PN-accurate approximation δψ 3PN (y) = y 2 − 3y 3 is unable to reveal the global shape of δψ(y) (with a positive maximum followed by a plunge towards negative values), the higher-order PN approximants are able to qualitatively capture such a strong field behavior. In particular, starting with the 4PN level, the successive PN approximants all suggest a change of sign of δψ(y) in the strong field regime (around the last stable orbit, y LSO = 1/6). More precisely, the successive PN approximants to δψ(y) vanish at the values of y listed in Table I . Fig. 1 shows that, at least up to y = 0.25, the successive PN approximants seem to approach better and better the numerical estimate δψ num (y). [See, however, below for the y > 0.25 domain.] Though the convergence looks monotonic on Fig. 1 , the values of the zeros listed in table I show that it is actually not monotonic. To 3PN, 4PN, 6PN, 5PN, 6.5PN, 7PN, 7.5PN, 8.5PN, 8PN .
gauge the quality of the representation of δψ num (y) by means of our highest PN approximant δψ 8.5 (y) we compare in Table II the values of δψ num (y) and δψ 8.5 (y). In particular, the fourth column lists the base-10 logarithm of the difference |δψ 8.5 − δψ num |. These (logarithmic) differences should be compared with the corresponding numerical errors (as estimated in [24] ), which are listed in the last column. Note that, for the first twelve values of y (i.e., y ≤ 1 35 ), the difference |δψ 8.5 − δψ num | is smaller than or comparable to the numerical error on δψ num . In other words, for these values of y, the 8.5PN .6767194 10 .2632957 10 .3747591 10 .5750522 10 .7410562 10 .5932897 10 .6508814 10 .1723855 Numerical (from fit (5.11))
.1725217
expression gives, by itself, an excellent fit to the numerical data (with a reduced χ 2 of order of unity). Note also that, up to y = 1 5 , |δψ 8.5 − δψ num | remains approximatively smaller that 10 −3 , which is essentially indistinguishable from zero on a plot such as Fig. 1 . It is only for the last (strong-field) point y = 1/4 that one can notice a visible discrepancy between δψ 8.5 (y) and δψ num (y). To check the correctness of the coefficients of our PN expansion, we also evaluated the compatibility between |δψ 8.5 − δψ num | and the expected, PN remainder O ln (y 9 ). To do that we have computed the ratio ∆(y) = |δψ 8.5 (y) − δψ num (y)|/(3y) 9 as a function of y. Here, the conventional inclusion of the factor 3 9 in the 9PN level is done to eliminate the expected growth of the n th PN coefficient with n (namely c n ∼ 3 n , in view of the pole behavior at the light-ring discussed below). We did find that ∆(y) remained (for the y-values where the numerical error on δψ num (y) is smaller than ∼ (3y) 9 ) of order of unity, with only a small variation probably explainable by the expected presence of a logarithmic dependence in the remainder term O ln (y 9 ).
A striking feature of the shape of δψ num (y) is its plunging behavior, towards negative values, for y ≥ 0.2. Let us now show how this behavior can be understood essentially analytically. Let us first recall that Akcay et al. [19] have shown both analytically and numerically, that (barring special cancellations) all the components (in Lorenz gauge) of the regularized metric h
will blow up proportionally to (1 − 3y) −1/2 as one approaches the light-ring, r 0 = 3m 2 , corresponding to
[This follows simply from the fact that the distributional source T µν associated with the moving mass m 1 contains a singular factor (1 − 3y) −1/2 when y → 1/3.] Among the various terms of the explicit expression (3.7) of δ(y) we notice that there is the term 5) which is the only one to contain a prefactor that is singular on the light-ring. The other terms contain the product of regular prefactors with a component h
By the reasoning recalled above, the latter terms are expected to blow-up at most ∝ (1 − 3y) −1/2 as r 0 approaches the light-ring. This leaves the single term (5.5) as the most singular contribution near y = 1/3, of order (1 − 3y) −3/2 . Ref. [19] studied the singular behavior of the quantity h
kk (where the extra superscript L refers to the Lorenz gauge), and found that it behaved as
with a numerical factor ζ ≈ 1. [More precisely, from Table II in [19] we see ζ = 1.006(3).] Using Γ 2 = 1/k 2 = (1 − 3y) −1 + O(q) and the link given by Eq. (17) in [19] between the Lorenz-gauge value of h R uu and its (gaugeinvariant) value in an asymptotically flat gauge, one easily derives that, in such a "flat" gauge (as used here)
Inserting this result in Eq. (5.5) predicts that the leading-order singularity of δ(y) as y → 1/3 will be
In turn, this behavior predicts that δψ(y) will blow-up near the light-ring as
In other words, the results of [19] , together with our explicit expression (3.7), predict the behavior (5.9) (i.e., a pole-like plunge towards −∞), with a numerical coefficient
This prediction is clearly qualitatively compatible with the numerical results of [24] . It suggests ways of defining global fits for the strong field behavior δψ(y) by a priori incorporating the pole-like behavior (5.9). We have indeed found that one gets a rather good fit to the numerical data ψ num (y) by fitting it to the following simple form
The prefactor y 2 (1 − 3y) −1 in Eq. (5.11) incorporates the lowest PN information, as well as the existence of a pole at y = 1/3. The factor (1 − a 0 y) incorporates the existence of a zero in ψ(y). It is also natural to incorporate the 3PN information that ψ 3PN (y) = y 2 − 3y 3 + O(y 4 ). This yields the constraint
Using the latter constraint, we have only three arbitrary parameters to be fitted. By doing a simple (unweighted) least-square fit we found a rather good fit to all existing data with . Such a fit is probably sufficiently accurate for most practical uses. It is plotted in Fig. 1 both to interpolate between numerical data points and to extrapolate them in the very strong-field domain 0.25 ≤ u ≤ 1.
Let us comment on the information that can be extracted from our fit (5.11)-(5.13). First, the fitted value of a 0 yields an accurate estimate of the radius r 0 at which δψ vanishes, namely r 0 = 5.7963711m 2 . [This is close to the value r 0 ≈ 5.8m 2 estimated in [24] ]. Second, the fit (5.11) implies that the coefficient of (1 − 3y) −1 in the asymptotic behavior (5.9) of δψ(y) near the light-ring is numerically equal to
Note that this is rather close to the value (5.10) predicted from the results of Ref. [19] . Evidently, as the last numerical data point is located at y = 1/4, we cannot expect to accurately reproduce the value (5.10) which used a value of ζ extracted from data on h kk much closer to the light-ring. It would be interesting to compute δψ(y) for values of y close to 1/3, so as to investigate with more accuracy the link (5.9).
VI. GYRO-GRAVITOMAGNETIC RATIOS AND EFFECTIVE-ONE-BODY REFORMULATION
At linear order in both spins, the Hamiltonian of a system of two spinning bodies reads (with a, b = 1, 2 being body labels; and suppressing the superscript "can" on the spin vectors)
We recall that the spin-orbit coupling coefficient Ω Ω Ω a (x b , p b ) (which coincides with the vectorial precession frequency of S a with respect to the time t used in the Hamiltonian formulation) have been determined, within PN theory, at increasing PN accuracies (up to the 3PN level) in Refs [32, [51] [52] [53] [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] . When using PN theory, one can determine the exact dependence of Ω Ω Ω a on the two masses of the system, m 1 and m 2 . Note that in this respect it is enough to know Ω Ω Ω 1 as a function of x a , p a and m a because Ω Ω Ω 2 is then obtained by exchanging the two particle labels 1 and 2:
3) When working in the center-of-mass frame (p 1 + p 2 = 0) one can express the Hamiltonian in terms of the relativemotion canonical variables R = x 1 − x 2 , P = p 1 = −p 2 . One then finds that
where L = R × P, and where g S1 is a dimensionless quantity which depends on GM/(c 2 R), P 2 /µ 2 , P 2 R /µ 2 , m 1 and m 2 (with the symmetry property g S2 (m 1 , m 2 ) = g S1 (m 2 , m 1 ). At lowest order in PN expansion the values of these dimensionless coefficients are
(6.5) For many purposes, as the full Hamiltonian (6.1) is symmetric under the particle label exchange 1 ↔ 2, it is convenient to replace the individual "gyro-gravitomagnetic ratios" g S1 and g S2 by two new 1-2-symmetric gyrogravitomagnetic ratios g S and g S * defined (following [66] ) such that
where S and S * are the following two basic symmetric combinations of the spin vectors
with inverse relations
Therefore, 9) or, equivalently,
(6.10)
Note that to lowest PN order the values of these "symmetric" gyro-gravitomagnetic ratios are
A serious inconvenient of the gyro-gravitomagnetic ratios g S and g S * is that they are gauge-dependent: they depend on the choice of phase-space coordinates, and notably on the choice of the radial coordinate R appearing (cubed) as an overall factor in Eq. (6.6) . This gauge dependence is alleviated when reformulating the Hamiltonian H within the EOB formalism. In that formalism, the Hamiltonian is first rewritten in terms of an auxiliary "effective" Hamiltonian H eff , such that
This is equivalent to Note that Eq. (6.13) is exact (both in a PN sense and in a GSF sense). At linear order in the spins, the replacement H = H orb + H SO in Eq. (6.13) yields, when allowing also for a spin-dependent canonical transformation (with generating function G s ) between the original phase-space coordinates and the EOB ones,
with 15) so that the effective "gyro-gravitomagnetic" ratios g eff S and g eff S * entering the effective Hamiltonian, i.e., 16) differ from the ratios g S and g S * entering Eq. (6.6) by a common factor (H orb /(M c 2 ))(R EOB /R) 3 , and by an extra term involving the Poisson bracket {G s , H orb }. The effective gyro-gravitomagnetic ratios have PN expansions of the form
where the a n 's and b n 's are spin-gauge parameters related to a remaining arbitrariness in the rotational state of the frame with respect to which the spin components are measured [54, 55, 66] . However, as pointed out in Ref. [66] , in the case of circular orbits all the gauge freedom in g eff S and g eff S * disappear, and the two "circular" gyrogravitomagnetic ratios g eff,circ S and g eff,circ S * become gaugeindependent functions of the gauge-independent variable u = GM/(c 2 R EOB ). [Indeed, u is uniquely defined by the gauge-fixing used in defining the orbital part of the EOB Hamiltonian. See, e.g below for the unambiguous link between u and other gauge-invariant quantities such as |L| and Ω.]
The current (PN and GSF) knowledge of these functions is 
(1/3)=0 at the light-ring. Using the above results, one can easily translate our results on δ(y) into an improved knowledge of g eff,circ S * . First, we note that when S 2 = 0, and when S 1 is simply taken to be parallel to the orbital angular momentum L = R × P, the spin-orbit interaction energy reads (taking into account the vanishing of {G s , H orb } along circular orbits) 22) where the EOB functions of u appearing on the right hand side are explicitly given by
Working with the dimensionless EOB variables
Note that the the right hand side of Eq. (6.22) is expressed as a function of u, while the left hand side is known as a function of y = (m 2 Ω) 2/3 , namely
The link between u and y, or better, between u and
is provided by the EOB result [11] 
If we re-express m 2 Ω 1 as a function of x, we find, at linear order in q,
Inserting the GSF expansion of the basic EOB radial potential A(u; ν), i.e.,
and expanding all the above results in powers of q = m 1 /m 2 and/or of ν = q/(1 + q) 2 , we easily see that the zeroth order term in the GSF expansion of Eq. (6.22) (i.e., the limit q → 0 on both sides) yields
) which is equivalent to Eq. (6.20) . Note that, at this zeroth order in q, the value of the S-type gyrogravitomagnetic ratio, g eff S , did not matter. At the first GSF order, i.e., when keeping terms linear in ν or q, one sees from Eq. (6.18) that the knowledge g eff S = 2 + O(ν) will be enough to relate the 1SF contribution to g
to δ(y), or, equivalently to δψ(y) = − √ 1 − 3y δ(y). We find
where we used the shorthand notation Γ 0 (u) ≡ (1 − 3u) −1/2 . Note the presence of a factor 1/u in the coefficient of δψ(u) which decreases the PN accuracy with which we can compute g
.] Similarly, the presence of a derivative acting on a 1SF (u) also decreases the PN accuracy with which we can compute g The first two terms of the latter expansion, namely g . ., agree with the only previously known terms, which were exhibited in Eq. (6.18). We note that the first three coefficients in the PN expansion of g 1SF S * (u) are negative, thereby continuing the trend noticed in Ref. [32, 54] that the ν-dependent contributions to g S * (u; ν) further reduce the value of g S * (0) (u) which was itself decreasing as u was increasing.
It is, however, interesting to note that this trend is changed because of the behavior of the terms depending on a (where ζ ≈ 1) as the light-ring is approached was obtained in [19] .] This asymptotic behavior near the light-ring shows that g 1SF S * (u) will change sign near the light-ring to become positive.
By using our fitting function (5.11) for δψ(u) and the fitting function of Ref. [19] for a 1SF (u) we have analyzed the behavior of g 1SF S * (u), determining the location of the zero at u ≈ .2833343. By using instead the numerical relativity data points for δψ(u) and the fitting function of Ref. [19] for a 1SF (u) we have extracted a sequence of "numerical" data points for g either exact from numerical relativity or approximated by using the data fits is plotted as a function of u ∈ [0, 1/3]. The used data fits are obtained from our model (5.11) for δψ, and from model #14 of Ref. [19] for a1SF(y).
They are such that the maximum absolute deviation from the numerical data is 5.25 10 −5 . The results are also shown in Fig. 2 .
In Fig. 3 we exhibit the ν-dependence of the full function g eff,circ S * (u; ν) approximated as being the sum of the test-mass limit g S * (0) (u), Eq. (6.20), the 1SF-contribution g S * (0) (u) around u ≈ 0.283 before increasing in a divergent manner near the light-ring. As discussed in Refs. [19, 67] , the contribution of higher powers of ν may significantly affect the exact behavior near the light-ring. We leave to future work a discussion of this issue.
Finally, let us also quote the expression of g eff,circ S * as a function of the symmetric, dimensionless frequency pa-Dolan et al. [24] . We found that the successive PN approximants to δψ(y) exhibit a rather satisfactory "convergence" towards the numerical data, and allow one to capture its most apparent strong-field features (a change of sign around y ≈ 0.17, followed by a fast decrease towards negative values; see Fig. 1 ). By using results on the light-ring singular behavior of h R µν (in the Lorenz gauge) [19] , we argued that δψ(y) will diverge as δψ(y) ≈ −0.14/(1 − 3y), Eqs. (5.9) and (5.10), as particle 1 approaches the light-ring (r 0 → 3m 2 , y → 1/3). It would be interesting to check this prediction numerically. We provided a simple, accurate global fit of the 1SF spin precession δψ(y) incorporating this pole-like behavior, together with the 3PN-level knowledge of δψ(y), see Eq. (5.11).
We transcribed our kinematical spin-precession results (i.e., the higher order PN expansions of δ(y) and δψ(y)), into a corresponding, high-order PN expansion of the second effective gyro-gravitomagnetic ratio g eff S * (u) entering the spin-orbit part of the effective EOB Hamiltonian, see Eqs. (6.15), (6.17), (6.18) . Here, S * refers to the second, basic symmetric combination, Eq. (6.7), of the two spins S 1 and S 2 , and u denotes the gauge-invariant EOB gravitational potential u = GM/(c 1 − 3u) −1 ) as one approaches the light-ring (u → 1/3), we found that the contributions depending on a 1SF (u), and especially a ′ 1SF (u), counterbalance this downwards plunge, and turn it into a stronger upward singular behavior near the light-ring of the form g eff S * 1SF (u) ≈ +0.094/(1−3u) 2 . As a consequence, we predict that g eff S * 1SF (u) (which is negative in the weak-field domain u ≪ 1), will change its sign near u ≈ 0.28, to become positive as u → 1/3; see Fig. 2 . As the negative sign of the currently known PN expansion of g eff S * 1SF (u) has played an important role in the various studies of the binding energy of spinning binaries [66, 68] , our finding of such a strong-field sign change of g eff S * 1SF (u) might have important consequences for improving the current EOBbased modeling of the coalescence of spinning binaries [69, 70] .
Let us finally note that our work opens new research avenues, both for numerical GSF studies and for analytical ones. We already mentioned the importance of checking numerically the singular behavior of δψ(y) near the light-ring. It would be quite useful (in view of the EOB based modeling of coalescing binary neutron stars [38, 39, 71, 72] ) to numerically compute the twoderivative gauge-invariant functions mentioned in the Introduction, and notably the 1SF piece of the electricquadrupole tidal invariant E 2 (Ω). We intend to apply our analytic approach to a computation of the PN expansion of the latter function. GSF computations of other gauge-invariant functions (involving higher derivatives of k, and/or of the curvature) might also provide important information, especially if performed in presence of a nonzero spin S 2 of the large mass m 2 . [Note that, from the point of view of PN regularization theory (using dimensional continuation) [40, 73, 74 ] the gauge-invariant functions |k|(Ω), |∇k|(Ω), E 2 (Ω), . . . are defined to all orders in the mass ratio: see Refs. [10, 39, 52] .] Clearly, there are here many possibilities for fruitful synergies between PN theory, GSF theory and EOB theory.
